Abstract. We study transversality for Lipschitz-Fredholm maps in the context of bounded Fréchet manifolds. We show that the set of all Lipschitz-Fredholm maps of a fixed index between Fréchet spaces has the transverse stability property. We give a straightforward extension of the Smale transversality theorem by using the generalized Sard's theorem for this category of manifolds. We also provide an answer to the well known problem concerning the existence of a submanifold structure on the preimage of a transversal submanifold.
Introduction
In [2] we proved a version of the classical Sard-Smale theorem for a category of generalized Fréchet manifolds, bounded (or MC k ) Fréchet manifolds, introduced in [5] . Our approach to the theorem's generalization is based on the assumption that Fredholm operators need to be globally Lipschitz. A reason for this interest is that there exists an appropriate topology on LpE, F q, the space of all linear globally Lipschitz maps between Fréchet spaces E and A crucial step in the proof of an infinite dimensional version of Sard's theorem is that, roughly speaking, for a Fredholm map f : M Ñ N of manifolds, at each point p P M, we may find local charts pp P U Ď M, φq and pf ppq P V Ď N, ψq such that in the charts f has a representation of the form f pu, vq " pu, ηpu, vqq, where η : φpUq Ñ R n is some smooth map. This is a consequence of an inverse function theorem. One of the main significance of the category of bounded Fréchet manifolds is the availability of an inverse function theorem in the sense of Nash and Moser [5, Theorrem 4.7] . However, the bounded differentiability is strong and in some cases the class of bounded maps can be quite small, e.g. when the identity component of LpE, F q contains only the zero map [3, Remark 2.16].
We have argued that why we have utilized this particular category of Fréchet manifolds.
A salient example of these manifolds is the space of all smooth sections of a fiber bundle over closed or non-compact manifolds ( [5, Theorem 3.34] ). On the other hand, it turns out that these generalized manifolds can surpass the geometry of Fréchet manifolds. On these manifold we are able to give a precise analytic meaning to some essential geometric objects (such as connection maps, vector fields and integral curves) [1] . Therefore, we would expect their applications to problems in global analysis.
The present work studies the differential topology of Lipschitz-Fredholm maps in the bounded Fréchet setting. We show that the set of Lipschitz-Fredholm operators of index l between Fréchet spaces E and F is open in the space of linear globally Lipschitz maps endowed with the fine topology. We say that a set of maps has the transverse stability property for the fine topology if maps in a fine neighborhood of a given map have the same transversality property i.e. if f : E Ñ F is a map transversal to a closed subspace F of F , then any map in a fine neighborhood of f is transversal to F. We then prove that the set of all Lipschitz-Fredholm maps of a fixed index between Fréchet spaces has the transverse stability property. We also study transversality for Lipschitz-Fredholm maps on manifolds.
We give a straightforward generalization of the Smale transversality theorem ([6, Theorem 3.1]) by using our generalized Sard's theorem. Finally, we prove that if f : M Ñ N is an MC k Lipschitz-Fredholm map of manifolds which is transversal to a finite dimensional submanifold A of N, then f´1pAq is a submanifold of M.
We stress that these results can not be proved without strong restrictions. However, the basic concepts of infinite dimensional differential topology such as submanifold and transversality can be simply come over from the Banach setting.
Our motivation for the present work, in the light of [1] , lay in the desire to develop transversality tools for the degree theory, including the Leray-Schauder degree, for LipschitzFredholm maps, to derive applications to the study of solutions to systems of nonlinear partial differential or integral equations on spaces of smooth sections which are not linear.
Preliminaries
We shall recall the required definitions from the category of MC k manifolds briefly but in a self-contained way for the convenience of the reader, which also give us the opportunity to establish our notations for the rest of the paper. For more studies we refer to [2, 5, 1] .
Let pF, dq be a Fréchet space whose topology is defined by a complete translationalinvariant metric d. A metric with absolutely convex balls will be called a standard metric.
Every Fréchet space admits a standard metric which defines its topology. We shall always define the topology of Fréchet spaces with this type of metrics.
Let pE, gq and pF, dq be Fréchet spaces and let L g,d pE, F q be the set of all linear maps
The transversal-invariant metric . Let E be a Fréchet space. Then
(1) Every finite-dimensional subspace of E is closed.
(2) Every closed subspace G Ă E with codimpGq " dimpE{Gq ă 8 is topologically
complemented in E. (3) Every finite-dimensional subspace of E is topologically complemented.
(4) A linear subspace G of E has a topological complement H if and only if there exists a continuous projection Pr of E onto H, see [4] . Let E, F be Fréchet spaces, U an open subset of E, and P : U Ñ F a continuous map.
Let CLpE, F q be the space of all continuous linear maps from E to F topologized by the compact-open topology. We say P is differentiable at the point p P U if the directional derivative d P ppq exists in all directions h P E. If P is differentiable at all points p P U, if d P ppq : U Ñ CLpE, F q is continuous for all p P U and if the induced map P 1 : UˆE Ñ F, pu, hq Þ Ñ d P puqh is continuous in the product topology, then we say that P is Kellerdifferentiable. We define P pk`1q : UˆE k`1 Ñ F in the obvious inductive fashion.
If P is Keller-differentiable, d P ppq P L d,g pE, F q for all p P U, and the induced map
We say P is MC 0 and write P 0 " P if it is continuous. We say P is an MC 1 and write
the zero map. If P is bounded differentiable and if V Ď U is a connected open neighborhood of x 0 P U, then P 1 pV q is connected and hence contained in the connected component
is again a map between subsets of Fréchet spaces. This enables a recursive definition: If P is MC 1 and V can be chosen for each x 0 P U such that
We make a piecewise definition of
for x 0 and V as before. The map P is MC 8 (or smooth) if it is MC k for all k P N 0 . We shall denote the derivative of P at p by D P ppq. Note that MC k -differentiability implies the usual C k -differentiability for maps of finite dimensional manifolds.
Within this framework we can define MC k Fréchet manifolds, MC k -maps of manifolds and tangent bundle over MC k manifolds in obvious fashion way. We assume that manifolds are connected and second countable.
Let f : M Ñ N pk ŕ 1q be an MC k -map of manifolds. We denote by T x f : T x M Ñ T f pxq N the tangent map of f at x P M from the tangent space T x M to the tangent space T f pxq N. We say that f is an immersion (resp. submersion) provided T x f is injective (resp. surjective) and the range ImgpT x f q (resp. the kernel kerpT x f q) splits in T f pxq N (resp. T x M) for any x P M. 
Transversality and openness
Let F 1 be a linear closed subspace of a Fréchet space F that splits in
provided there is MC k -atlas tpU i , φ i qu iPI on M that induces an atlas on M 1 , i.e. for any
is open in F 1 . We say that M 1 is a submanifold of Banach type if F 1 is a Banach space, and a submanifold of finite type if F 1 " R n for some n P N.
Let CpE, R`q be the set of all continuous functions from E into R`, h P L g,d pE, F q and
where T k is the k-th tangent map. We define the k-jet of f at x, j k x f , to be the equivalence class of f . Let d k be a fiber metric on the tangent space T k x M that induces a Fréchet topology which is isomorphic to E. We describe the fine topology of order k on MC k pM, Nq as follows. Let ϕ P MC k pM, Nq
and Ω -tV i u iPI be a locally finite cover of M. Let ǫ i : V i Ñ R`be continuous for all i P I.
Then, the sets
constitute a basis for fine open neighborhoods of ϕ. In this case we say that φ in a fine neighborhood of ϕ is an MC k fine approximation to ϕ.
Lemma 3.1. The fine topology is finer than the topology induced by the Metric (2.1).
Proof. We must show that if N pf, δq is a δ-neighborhood of f , then we can find
u.
Definition 3.1. Let f : E Ñ F be a Lipschitz-Fredholm operator of Fréchet spaces. We say that f is transversal to a closed subset F 0 Ď F and write f &F 0 if
(1) Imgpf q`F 0 " F , and (2) either F 0 splits in F or f´1pF 0 q splits in E.
The following result characterizes the transversality of Lipschitz-Fredholm operators.
Proposition 3.1. Let ϕ P LF l pE, F q. Suppose F 0 Ď F is a closed subset such that ImgpϕqF 0 " F . Then ϕ&F 0 if and only if there are closed subsets F 1 Ď F and E 0 Ď E with
Proof. Assume that such a closed subset F 0 is given and ϕ&F 0 . pImgpϕq X F 0 q splits in F 0 because m " dimpF 0 { Imgpϕqq ő dimpF { Imgpϕqq ă 8 and hence by Theorem 2.2(2) there exists a space F Ď F 0 of dimension m such that F 0 " pImgpϕq X F 0 q ' F. Since Imgpϕq X F Ď Imgpϕq X F 0 it follows that Imgpϕq X F " t0u. Also, Imgpϕq`F " pImgpϕqp ImgpϕqXF 0 qq`F " Imgpϕq`F 0 " F . Thus, Imgpϕq'F " F , therefore, codim Imgpϕq " m and dim kerpϕq " l`m. Moreover, there exists a closed subset E Ď E such that E "
kerpϕq ' E. The operator Φ -ϕ| E P LpE, Imgpϕqq is injective onto Imgpϕq, hence, by virtue of open mapping theorem is a homeomorphism and therefore Φ P IsopE, Imgpϕqq. Let
E 0 is complemented in E 0 so there is a continuous projection Pr 1 of E 0 onto E 0 (see Theorem 2.2(4)). If E 0 is complemented in E, then there exists a continuous projection Pr 2 of E onto E 0 . Thus, Pr 1˝P r 2 is a continuous projection from E to E 0 and its restriction to E is a again continuous projection onto E 0 , thereby, E 0 is complemented in E. This means there is a closed subset E 1 Ď E (which is also closed in E) such that E " E 1 ' E 0 .
By the same argument we have, if F 0 is complemented in F , then pImgpϕq X F 0 q is complemented in Imgpϕq because pImgpϕqXF 0 q is complemented in F 0 . This means there is a closed subspace F 1 Ď Imgpϕq (which is also closed in F) such that Imgpϕq " F 1 ' pImgpϕq X F 0 q.
Proof. Let ϕ P LF l pE, F q. We show that there exists ε ą 0 such that any φ P L g,d pE, F q which is ε-approximation to ϕ is a Lipschitz-Fredholm operator of index l.
First we prove for the case l " 0, then we show that the general case can be reduced to the case l " 0. Let L : E Ñ F (called a corrector) be a linear globally Lipschitz map having finite dimensional range such that K -L`ϕ is an isomorphism. Such a linear map always exists. Indeed, L can be any linear globally Lipschitz map from E into F such that kerpLq ' kerpϕq " E and ImgpLq ' Imgpϕq " F . Choose ε P p0, 1{2LippK´1qq small enough and suppose that φ, L P LpE, F q are ε-approximation to ϕ and the dimension of the image of L is finite. Then K " L`φ satisfies dpKpxq, Kpxqq ă 1{LippK´1q, for all x P E, thus K is an isomorphism (see Remark 3.1) and hence φ P LFpE, F q and Indpφq " 0. Now suppose l ą 0, define the linear globally Lipschitz operators ϕ l , φ l : E Ñ FˆR l by ϕ l pxq -pϕpxq, 0q and φ l pxq -pφpxq, 0q. Then ϕ l is a Lipschitz-Fredholm operator of index 0. By the above argument φ l is a Lipschitz-Fredholm operator of index 0 and hence φ is a Lipschitz-Fredholm operator of index l. Likewise, the case l ă 0 can be proved.
Theorem 3.1. Let ϕ P LF l pE, F q, and suppose that F 0 Ď F is closed and ϕ&F 0 . Then any φ P L g,d pE, F q in a fine neighborhood of ϕ is transversal to F 0 .
Proof. By Proposition 3.1 there exist closed subsets E 0 Ď E, F 1 Ď F and
There is a continuous function δpxq such that every linear globally Lipschitz map ψ : E 1 Ñ F 1 which is δ-approximation to ϕ 1 is an isomorphism (see Remark 3.1). Let π : F Ñ F 1 be the projection given by πpf 0`f1 q " f 1 , and let κ " Id F´π . It is immediate that π is linear and globally Lipschitz and Imgpκq " F 0 . Choose ε P p0, δ{Lippπqq small enough, in view of Proposition 3.2, we can assume that each φ P LpE, F q which is ε-approximation to ϕ belongs to LF l pE, F q.
Now we show that each such φ is transversal to F 0 . Let Φ -pπ˝ϕq| E 1 P LpE 1 , F 1 q. Then dpΦ, ϕ 1 q ő Lippπqε ă δ and so Φ P IsopE 1 , F 1 q (see Remark 3.1). Thus, we only need to prove
We have Φ´1pf 1 q " e 1 P E 1 Ď E, x " φpe 1 q P Imgpφq, and y " f 0´κ pxq P F 0 . Whence,
Now we prove the transversality theorem for MC k -Lipschitz-Fredholm maps. It is indeed a consequence of the Sard's theorem for these maps [2, Theorem 4.3] . A careful reading of the proof of the theorem shows that the minor assumption of endowing manifolds with compatible metrics is superfluous and the theorem remains valid for manifolds without compatible metrics. Thus, the statement of the theorem is as follows:
is an MC k -Lipschitz-Fredholm map with k ą maxtInd f, 0u. Then, the set of regular values of f is residual in N. Then there exists an MC 1 fine approximation g of ı such that g is embedding and f &g.
Furthermore, Suppose S is a closed subset of A and f &ıpSq, then g can be chosen so that ı " g on S.
Proof. Since manifolds are second countable we only need to work in local coordinates. Assume that y P A and n " dim ıpAq. Since ıpAq is an embedded submanifold of finite type of N, we may find an open neighborhood U Ă R n about y, a chart about ıpyq and a splitting E " R n ' E 1 such that ıpyq " ıpy, 0q in the neighborhoods. Let π 2 : E Ñ E 1 be the projection onto E 1 . Let V Ă U be a neighborhood of y, and h a smooth real valued function which is 1 on V and 0 outside of U. Since π 1˝f is locally Fredholm-Lipschitz it follows by Sard's Theorem (Theorem 3.2) that there is a regular value z for π 1˝f which is close to 0.
Now define
gpyq " hpyqpz, yq`r1´hpyqsıpyq.
It is immediate that f &g on V , and for z sufficiently close to 0, g is MC 1 fine approximation to ı. The second statement follows by our definition of g.
Transversal submanifolds
We will need the following inverse function theorem. 
To avoid some technical complications we consider only manifolds without boundary in the sequel. we have T x pf´1pAqq " pT x f q´1pT f pxq Aq.
Proof.
If f´1pAq " H the theorem is clearly valid so let f´1pAq ‰ H. Let pψ, Uq be a chart at f px 0 q P A in N with the submanifold property for A. Let U 1 , U 2 be open subsets of E, R m such that ψpUq " U 1 ' U 2 , ψpU X Aq " U 1 ' t0u, and ψpf px 0" p0, 0q. Let pV, ϕq be a chart at x 0 in M such that ϕpx 0 q " 0, ϕ : V Ñ ϕpV q Ă F and f pV q Ă U. Let f -ψ˝f˝ϕ´1 : ϕpV q Ñ ψpUq be the local representative of f . Then fp0q " p0, 0q and by hypothesis f is a LipschitzFredholm map, in particular, D fp0q P LF l pF, Eq. The tangent map T f px 0 q ı : T f px 0 q A Ñ T f px 0 q N is injective with closed split image. Hence T f px 0 q A can be identified with a closed split subspace of T f px 0 q N. Thus D f px 0 q is transversal to T f px 0 q A. Therefore, keeping in the mind the definition of the differential in terms of tangent maps, D fp0q is transversal to T ψpT f px 0 q Aq " U 1 ' t0u ": E 1 . Then, by virtue of Proposition 3.1 there are closed subsets
Consider the projection π : F Ñ F 1 given by πpf 0`f1 q " f 1 . Since F 1 and F 0 are closed and complementary it follows that obviously the map κ " Id F´π is the unique projection with Img pκq " F 0 and kerpκq " F 1 . Let π 1 : E Ñ E 0 be the projection given by π 1 pe 0`e1 q " e 0 . Then, Π -∆´1˝π 1˝D fp0q is a projection with Img pΠq " F 0 and
, it follows that F 1 " ker pΠq and therefore Π " κ. Now define the map H : ϕpV q Ñ F of class MC k by Hpxq " πpxq`∆´1˝π 1˝f pxq.
We obtain that Hp0q " 0 and D Hp0q " π`∆´1˝π 1˝D fp0q " π`κ " Id F . If we choose V small enough, then by Theorem 4.1 H is an MC k -diffeomorphism onto an open neighborhood U Ď ψpUq of ψpf px 0 q " p0, 0q. Let Φ " H˝ϕ´1, then pΦ, F 0 q is a chart for x 0 on V with the submanifold property. Because we have
x P f´1pAq ô ψpf pxqq P U 1 ' t0u ô fpϕpxqq P U 1 ' t0u ô Hpϕpxqq P F 0 .
Let p P A, γ : R Ñ M a smooth curve sending zero to p, and j Proof. The set tyu is transversal to f so the result follows from the theorem. Proof. By hypothesis the kernel of Q˝D f pxq is complemented for all x P f´1pAq. By the preceding theorem B -f´1pAq is a Fréchet submanifold. The map f | B is smooth LipschitzFredholm, therefore by Sard's theorem there is a residual set of regular values of it in O. If n P N is a regular value of f | B , then f n is transversal to A.
